We show that for any fixed ε > 0, there are numbers δ > 0 and p 0 2 with the following property: for every prime p p 0 , there is an integer p δ < N p 1/(4 √ e )+ε such that the sequence 1, 2, . . . , N contains at least δN quadratic non-residues modulo p. We then apply this result to obtain a new estimate on the smallest quadratic nonresidue in a Beatty sequence.
Introduction
In 1994 Heath-Brown conjectured that there is an absolute constant c > 0 such that, for all positive integers N and all prime numbers p, the interval [1, N] contains at least cN quadratic residues modulo p. This conjecture has been proved by Hall [10] .
In the present paper we show that for any given ε > 0 there exists a constant c(ε) > 0 with the following property: for every sufficiently large prime p, there is a positive integer N p 1/(4 √ e )+ε such that the interval [1, N] contains at least c(ε)N quadratic non-residues modulo p. This is an analogue of Hall's result for quadratic non-residues in Burgess-type intervals. We recall that due to the celebrated result of Burgess [5] the least positive quadratic non-residue modulo p is O p 1/(4 √ e )+ε for any given ε > 0 and the constant 1/(4 √ e ) has never been improved. By the seminal work of Granville and Soundararajan [8] it is known that if N is sufficiently large and p is an arbitrary prime number, more than 17.15% of the integers in [1, N] are quadratic residues modulo p. On the other hand, for every integer N there is a prime p such that the interval [1, N] is free of quadratic non-residues modulo p, see [7] for a more precise result. In particular, complete analogues of the results of Hall [10] and GranvilleSoundararajan [8] do not hold in the case of quadratic non-residues.
The main result of this paper is Theorem 2.1, which is stated in Section 2.1 and proved in Section 2.3. In Section 3 we apply Theorem 2.1 to obtain a strong upper bound on the size of the least quadratic non-residue in a Beatty sequence, which substantially improves all previously known results for this question. We anticipate that Theorem 2.1 will have applications to many other problems in number theory.
2 Density of non-residues in short intervals
Statement of the result
For every odd prime p, let (n|p) denote the Legendre symbol modulo p, and let S p (x) be the character sum given by 
holds with some integer N in the range p
In view of the identity
and the aforementioned result of Hall [10] , only the bound
needs to be proven. Using the same identity, we also see that the inequalities
are an immediate consequence of (1).
Preliminaries
The following statement is a consequence of the character sum estimate of Hildebrand [12] 
Proof. Let Λ(d) denote the von Mangoldt function: Combining the identity
with the inequality
it follows that
Similarly,
Using Mertens' formula (see [11, Theorem 427] ) together with the trivial bound |S p (z)| z, we have:
Consequently,
and the result follows.
Proof of Theorem 2.1
For a given ε > 0, we fix a large positive integer k and put
the inequality ν 1 1/(4 √ e ) + ε holds if k is large enough. As we have already mentioned, by the result of Hall [10] it suffices to prove that there exists δ > 0 such that, for all sufficiently large primes p, the inequality
holds for some real number z in the range p δ z p ν 1 . Taking N = ⌊z⌋, we obtain the statement of Theorem 2.1.
Arguing by contradiction, let us suppose that there is a function ϑ(p) = o(1) as p → ∞, such that for infinitely many primes p we have
Let p be a large prime with this property, and put
and let N k+1 be the least positive integer such that
In view of (2) and Lemma 2.2, the integers N j satisfy the inequalities
if p is sufficiently large. We now apply Lemma 2.3 with y = M and x = N j for some j; taking into account (2), we derive that
where
and
Using Mertens' formula, the trivial bound |S p (z)| z, and the fact that ϑ(p) = o(1), we have
To bound R 2 , we note that the inequalities
together imply that p
therefore, by (2) we have
consequently,
Inserting the bounds (5) and (7) into (4), we see that the inequality
holds with any choice of j ∈ {1, . . . , k + 1}. Since N 1 > M = p ν 1 , there are two distinct cases to consider:
(ii) there exists a positive integer s k−1 such that N j p ν j for 1 j s and N s+1 < p ν s+1 .
To complete the proof, it suffices show that both cases (i) and (ii) occur for at most finitely many primes, as this contradicts our assumption that (2) holds for infinitely many primes. In case (i), we take j = k + 1 in (8) to obtain that
Here, we have used the upper bound
In (9) we split the interval of summation into subintervals
where we have written N 0 = M for convenience. For every d ∈ I j we have
hence from the definition of N j we conclude that
By (6) we also have
Using Mertens' formula again, the sum in (9) can be estimated as follows:
Inserting this estimate into (9), we have
Dividing both sides by log p and taking into account (3) and our hypothesis for case (i), it follows that
Clearly, the last inequality is not possible if p is sufficiently large, hence case (i) can occur for at most finitely many primes p. In case (ii), let s be fixed and take j = s + 1 in (8):
From the definition of N s+1 , we have the upper bound
In (10) we split the interval of summation into subintervals
Following the same arguments as in case (i), we derive that
Inserting the the bounds (11) and (12) into (10), we have
Dividing both sides by log p, and taking into account our hypothesis for case (ii), it follows that
As before, we see that this inequality is not possible if p is sufficiently large, hence case (ii) can occur for at most finitely many primes p. This completes our proof of Theorem 2.1.
3 The least non-residue in a Beatty sequence
Statement of the result
For two fixed real numbers α and β, the corresponding non-homogeneous Beatty sequence is the sequence of integers defined by
. Beatty sequences appear in a variety of apparently unrelated mathematical settings, and because of their versatility, the arithmetic properties of these sequences have been extensively explored in the literature; see, for example, [1, 4, 13, 14, 16, 20] and the references contained therein.
For a prime p, let N α,β (p) denote the least positive integer n such that ⌊αn + β⌋ is a quadratic non-residue modulo p (we formally put N α,β (p) = ∞ if such an integer does not exist). Below, we show that Theorem 2.1 can be applied to prove the following Burgess-type bound, which substantially improves earlier results in [2, 3, 6, 17, 18, 19] : 
holds for all sufficiently large primes p.
We remark that the irrationality of α is essential in our argument.
Preliminaries
From Theorem 2.1, we immediate obtain the following result, which is needed in our proof of Theorem 3.1 below: Proof. It is easy to see that an integer m > β has the form m = ⌊αn + β⌋ for some integer n if and only if the inequalities m − β α n < m − β + 1 α hold, and since α > 1 the value of n is determined uniquely by m. From this we easily derive the stated result.
The following estimate is a particular case of a series similar estimates which dates back to the early works of Vinogradov (for example, see [21] ): 
where e(z) = e 2πiz for all z ∈ R.
Considering for every integer h 1 the sequence of convergents in the continued fraction expansion of λh, from Lemma 3.4 we derive the following: In particular, V σ = ∅ for either choice of σ ∈ {±1} once p is sufficiently large.
Case 2: 0 < α < 1. In this case, Theorem 3.1 follows easily from the classical Burgess bound for the least quadratic non-residue modulo p since the sequence B α,β contains all integers exceeding ⌊α + β⌋.
Case 3: α < 0. We note that the identity ⌊αn + β⌋ = − ⌊−αn − β + 1⌋ holds for all n 1 with at most O(1) exceptions (since α is irrational), hence the sequences B α,β and −B −α,−β+1 are essentially the same.
If α < −1, we argue as in Case 1 with α replaced by −α > 1 and β replaced by −β + 1. Choosing σ = −(−1|p), Theorem 3.1 then follows from the fact that V σ = ∅ once p is sufficiently large. Finally, if −1 < α < 0, we note that the sequence B α,β contains all integers up to ⌊α + β⌋. Hence, the result follows from the Burgess bound in the case that (−1|p) = +1 and from the ubiquity of quadratic residues modulo p in the case that (−1|p) = −1.
